CHAPITRE 4.

[ > restart;

| > P:=-y+x*y;

| P=—y+xy
> Q:=x+y”*2;

L Q:=x+y2

| > @*(a[2,0]*x*2+a[l,1] *x*y+a[0,2]*y*2)-P*(b[2,0] *x*2+b[1,1] *x*y+b][
0,2]*y"2);

| (x+y2)(a2’0x2+a1,1xy+a052y2)—(—y+xy) (b2’0x2+b1,1xy+b052y2)
| > H:=simplify (%) ;

. 3 2 2, .2 2, .3 4 2 2 3
H:=a, (x +a, X y+xa,,y +y ay X +y a | x+y ay,+yby (X +b | Xy +by,y
3 2 2 3
=X yby =Xy by —xy by,

: > x*(b[2,0]*x*2+b[1,1] *x*y+b[0,2] *y*2)-y* (a[2,0] *x*2+a[l,1] *x*y+al
0,2]*y"*2);

2 2 2 2
x(blox +b1’1xy+b0’2y )—y(az,ox ta, xy+ay,y )
> simplify (%) ;

3 2 2 2 2 3
by oX +b (X y+xDby,y —ya, X —a; Xy —ay,y
> simplify (subs (x=rho*cos (phi) ,y=rho*sin(phi) ,H/ (2*R* (x*2+y*2)* (3/
2))));

1
5 csen(p) (=sin(9) cos($)" by, = p cos(9)’ sin(9) by o +a; ; cos($)” sin(¢)

+sin() b, cos(d))2 + sin(¢) cos(d))3 p by ,+sin(d)pa,  cos(p)—sin(¢) pcos(9) b ,
+sin(¢) by , — sin(§) cos(¢)’ pa, , +b, | cos(¢) +p ay , —2 p ay , cos(d)’ +a, , cos(9)’
+ cos(d))4 pb - cos(d))3 ay. 5~ cos(d))3 by |+ cos(d))4 pay,+cos(9)ay,+pa,, cos(d))2

I —pcos(9)> b, —cos(¢)* pa, o)/ R
[ > subs (rho=1/ (R*2+cos(phi)), %) ;

1 I { . i cos(¢)’ sin(9) b, , .
Ecsgn(m] —sin(¢) cos($)” b, , — 2. cos($) +a, cos(9) sin(¢)
+sin(d) by | cos(¢)2 N sin(¢) cos((j))3 bo,z N sin(¢) a, cos(¢) B sin(¢) cos() bo,z
' R+ cos(d) R+ cos(d) R+ cos(d)
. sin(¢) C()S(d))3 a4 ay 5 2a, cos(d))2
+sin(9) bo.2 = R2+cos((|)) by eos(9)+ R2+cos(¢) - R2+cos((|))
cos(¢)' by, cos(9)* ay »

+a, o cos(9)’ + —cos(§)’ a, , — cos(¢)’ b, | + +cos() g, ,

R+ cos(¢) R+ cos(¢)




a2,0005(¢)2 COS(¢)2b1,1 C()S(d))“az’oJ/R

+ — —
R*+cos(¢p) R +cos(dp) R*+cos(d)
> simplify ((1/(2*Pi)) *%);

1 1
— csgn(z—J (a5 cos(9)’ —a, , —sin($) by , R* — cos(9) a, , R* +cos(¢)’ b, | R*
4 R + cos(9)

+cos(9)’ ag , R —a, o cos(9)’ R* —a, ycos(§)’ — b, | cos(9) R* +sin(¢) cos(p)’ b, , R’
—-a cos(d))2 sin(d))R2 —sin(¢) b, cos(d))2 R - sin(¢) a, | cos($)) / (TR (R*+ cos(d))

)

> int(1/(4*Pi)*(b[1,1] *cos (phi) *R*2+a[0,2]+a[2,0] *cos (phi) *3*R*2+c
os(phi)*a[0,2]*R*2-cos (phi)*2*a[0,2]+a[2,0] *cos (phi) *2-cos (phi)*
3*b[1,1] *R*2-cos (phi)*3*a[0,2]*R*2) / (R*2+cos (phi))/R,phi=0..2*Pi
)

—l (4 R csgn(ﬂ] a, ,—2 R cs (ﬂJ b, . +2R* [ﬁ] b
4 /R4 T 0,2 gn /R4 ) 11 csgn /R4 ) 11
+2 R csgn(ﬂJ a, ,—2R° csgn(ﬁ] a, ,-3R a R'-1
M 2,0 M 0,2 0,2
-F2R6aQ24/R4_1.—21#c3gn(Q€;—lIJ ~Rb (AR -1 +2R b, AR

+Ray /R =1 -2Ra, y4/R —4.—2mg{vg;—%JaQJ//(R R-1)

| > simplify (%),
—l (4 R csgn(ﬂ] a, ,—2R* csgn(ﬂJ b, . +2R* csgn[ﬁ] b
4 «/ﬁ 0,2 M 1,1 M 1,1
+2 R csgn(ﬂJ a, ,—2 R csgn(ﬁ] a, ,—3R*a R*-1
M 2,0 M 0,2 0,2

2

+2R6a0,24/R4_1—2R4csgn(J%J Rbllf\/ R'-1+2R° bll/\/

+Ray /R =1 -2Ra, y4/R —4.—2mg{vg;—%JaQJ//(R R-1)

T[> 1/4% (2*RA6*a[2,0]* (R*4-1)~ (1/2)+3*R*2*a[0,2]* (R*4-1)* (1/2) +2*R"8
*b[1,1]-2*RA6*b[1,1]* (R 4-1)*(1/2)+2*R*8*a[0,2]-R*2*a[2,0]* (R 4-
1) A (1/2) -2*RA4*b[1,1]+R*2*b[1,1]* (R*4-1) ~ (1/2)+2*R*4*a[2,0] -2*R*
6*a[0,2]* (RA4-1)~(1/2)+2%a[0,2]-2*R*"8*a[2,0]-4*R*4*a[0,2])/ (R 4-
1)~(1/2)/R;

1
Z(zRﬂ&04R4—1+31¥aQ24R5—1+2R8¢J—2zﬁbhl R'-1+2Rq,,
~Ra, AR =1 -2R*b | +R* b (AR —1+2R a, (—2R°ay ,o/R* —1 +24q,,




2R a, ,—4R'ay,) / (R =1 R)

> expand (%) ;

LR a, +oR +14§£LL LRsb +lliﬂﬁ— LR 1—Iiﬁl’—1—+l1eb
PREARON ) . L1t , - Ray o~ PR
2 4 2Nﬁ;__f 2 2,¢}T:}' 4 2Nﬂgﬁff 4

1 Razo 1 1 ) 1 R7a20 R3a02

I 2VR 1_2R£%2+2VR 1 R 2JR-—1 JR-J

[ > Fl:=normal (%) ;

1
fﬁ:=—z(—2R6aLWVR4—1-—3R2anVR4—1-2R8bhl+2R6bL,VR4—1-—2R8aQ2
+Ra, gA/R* =1 +2R*b | —R*b (/R —1-2R"a, (+2R°ay ,o/R* ~1-24,,

 2Ra+4Ray,) [ (RAR -1
| > collect (expand (%) ,R) ;

1 4 1 1 5
- =4, R

1,1 0
(2/R BV 2/R J ( “2hiTy
.0 A, » 1 by e (E lb 1 jR 1 4,
I JR _JR“—1_24R“—1 Tlgfoa Ty Ty o +24/R4-—1R

"> normal (- 1/2*1/(RA4—1)A(1/2)*RA7*a[2,0]+1/2*1/(RA4—1)A(1/2)*RA7*b
[1,1]+1/2*1/ (R*4-1)~(1/2)*RA7*a[0,2]+1/2%1/ (R 4-1)~ (1/2) *R*3*a[2
,0]-1/ (R*4-1)~(1/2) *R*3*a[0,2]-1/2*1/ (R*4-1)~(1/2) *R*3*b[1,1]+1/
2%1/ (R*4-1)~(1/2)*a[0,2]/R) ;

1—RS%A+RSQJ+R8%J+R4%ﬂ—2R4%J—R4hJ+aQ2
| 2 RAR' —1

"> collect(1/2*R”A5%a[2,0]-1/2*RA5*b[1,1]-1/2*R 5*%a[0,2]+3/4*R*a[0,2
]+1/4*R*b[1,1]-1/4*R*a[2,0],R) ;

1 1 1 5 3 1 1
Eaz,o_gbm_gao,z R+ Zao,2+zb1,1_za2,0 R
[ > Int((cos(phi)“*2*sin(phi)“*2)/(R*2+cos (phi)) ,phi=0..2*Pi)=int((cos
(phi) *2*sin (phi) *2) / (R*2+cos (phi) ) ,phi=0..2*Pi) ;
2 T

cos(d)) sm((l))
R’ + cos()

dp =

Rzn(—2R2csgn(ﬁ]+2R6csgn( ] 2R «/R -1 +«/R —IJ
VR -1 VR -1
AR -1

i > expand (R*"2*Pi* (- (R*"4-1)*(1/2)+2*R*4* (R*"4-1)*(1/2)-2*R*"6+2*R"2) / (
R*4-1)"(1/2));




2R 2R'
«/R -1 «/R -1
> Int((sin(phi)*4)/ (R*2+cos (phi)) ,phi=0..2*Pi)=int((sin(phi)*4)/ (R
~2+cos (phi)) ,phi=0..2*Pi) ;
2 T

sin(¢)* ( . ( ]
—  dd=- -2 R +2R«VR —1—3R«VR -1
TT ngn F

R+ cos(¢)

RPr+2R n—

R-1 R -1
+4 R csgn(—J—Z csgn(—D/«/ R' -1
AR -1 AR -1
> expand (Pi* (3*RA2% (RA4-1)~ (1/2) -2*¥RA6* (R*4-1) ~ (1/2) +2*RA8-4*RA4+2
)/ (R*4-1)"~(1/2));

) p 2R%n 4R
3RRnt-2R ©+
, JE -1 AR «/R—l

> restart;

> Fl :=
-1/4* (-2*R*6*a[2,0]* (R*4-1)~(1/2)-3*R*2*a[0,2]* (R*4-1)~(1/2)-2*R
~8*b[1l,1]+2*R*6*b[1,1]* (R*4-1)~(1/2)-2*R*8*a[0,2]+R"2*a[2,0]* (R"
4-1)~(1/2)+2*R*4*b[1,1]-R*2*b[1,1]* (R*4-1)~(1/2)-2*R*4*a[2,0]+2*
R*6*a[0,2]* (R*4-1)*(1/2)-2*a[0,2]+2*R*"8*a[2,0]+4*R*4*a[0,2])/ (R"
4-1)*~(1/2) /R;

1
1 Z—Z(—2R6a2’04/R4—1 ~3Ray,|R'-1-2R*b, | +2R°b, /R -1 -2R%q,,

+Ray oA/ R* =1 +2R*b, | —R*b (AR —1-2R"a, +2R°ay ,4/R* ~1 -24,,
2R a, g +4R ) /(R =1 R)

> expand (%) ;

LR, 4R +1—R o s, +1—R7a°’2 Lr L Kb, Y

PREARON ) . L1t , - Rday o~ A0

2 4 2[R -1 2 2. g1 4 2. [rt o1 4
1 R’ Ao 1 1 ) 1 R7a20 R o, >

5

I 24/R 1_5Ra°2+24/R 1 R 2«/R «/R—l

[ > collect(%,R);

I 4

by dy, 2 1 1 1 s
= R+ +7a, ,—<a,, |R
(2 /7R > /7_ 5 r J ( by 5 %07, 0,2}
( %0 %2 1 by JR3 (3 lb 1 jR 1 4,
Tl G2t 01— G | Y T
I 2. /R —1 «/R 2R -1 4 4 4 2R -1R

| > (2*a[2,0]-2*b][1, 1] -2*a[0,2])* (1+w*2) *3*w+ (-a[2,0]+b[1,1]+3*a[0,2
1) *(1+w*2) * (1-wr2) *2*w+ (-a[2,0]+b[1,1]+a[0,2]) * (1+w*2) 4+ (a[2,0]
-b[1,1]-2*a[0,2]) * (14+w"2) *2* (1-w*2)*2+a[0,2]*(1-w*2)*4;




3 2
(2a,,-2b, =24y ,) (1+w") w+(=a, g+b,  +3a,,)(1+w’)(1-w") w
2\ 2.2 2.2 ) A
| t(=aygt+by +ag,)(L+w) +(ayo—b 1 —2a,,)(1+w") (1-w") +a,,(1-w")
| > simplify (expand (%)) ;
%Jw7—9%Jm;—9%Jwﬁ+wan—@Jwﬂ—7mJm;—7meﬁ—wathOw7
+7%ﬂw;+7%ﬂwahv%ﬂ—4%ﬂwg—8%ﬂwﬁ—4%ﬂwﬁ+4hJw9+8th4
+4bhﬂf+l6%Jwﬁ
> collect (%,w);
7 6 5
(%J—bhl+%ﬁ)w-+G4al0+4hJ)w +quh1+7a;m_9%g)w
+(16ay,—8a, +8b, VW' +(=Tb, | +7ay ,—9a,,) W +(~4a, ,+4b, )W
L +(ay,= by +a, )w
[ > factor (%)
w(w—lf(%Jwg—hJw9+%ﬁw9+4waafuh2—hJ+alﬂ
> solve (%,w);

2 2 2
2aaf“¢3amz+2a&2hJ_2aQ2%m_bL1+2bLN&0_%m
09 19 19 19 19_ b s
g o= by 114y

2 2 2
’Qamf“¢3aaz+2am2@J_2aQ2%m_bL1+2bL1%ﬁ_a;o

ay,— by +a,

'Exemple 1:

[ > restart;

(> Gl:=1/(4*Pi*R)* ((13/8)* (-RA*2*Pi+2*RA6*Pi-2*RA8*Pi/ (R*4-1)~ (1/2)+
2*RA4*Pi/ (RM-1)*(1/2)) - (5/8) * (3*RA2*Pi-2*RA6*Pi+2*RA8*Pi/ (R 4-1
)A(1/2) -4*RA4*Pi/ (R*4-1)~(1/2)+2*Pi/ (R*4-1)~(1/2))) ;

TRn 9R°m  9Rn 23R'n 51
o 2 2 2R -1 4R -1 aqR -1
g 4mR

> solve (%,R);

Jis s
3 3

> simplify(diff(G1l,R));
—90R* +90R°A/R =1 +59R* — 14 R*/R* -1 +5
| 16 R*4/R* -1
> simplify (subs (R=sqrt(15)/3,%));
-l
32
> solve ((14+w*2)/(1-w*2)=15/9,w) ;




Al
2°2

t > restart;
[ > -1/2* (sin(phi) *cos (phi) “2*b[0,2]+1/ (R*2+cos (phi) ) *cos (phi) *3*sin

(phi) *b[2,0]-a[l,1] *cos (phi) *2*sin (phi) -sin(phi) *b[2,0] *cos (phi)
~2-sin(phi) *cos (phi) *3/ (R*2+cos (phi) ) *b[0,2] -sin(phi) / (R*2+cos (p
hi))*a[l,1]*cos(phi)+sin(phi)/ (R*2+cos (phi)) *cos (phi)*b[0,2]-sin
(phi) *b[0,2]+sin(phi) *cos (phi) 3/ (R*2+cos (phi) ) *a[l,1]-b[1,1]*co
s (phi) -1/ (R*2+cos (phi)) *a[0,2]+2/ (R*2+cos (phi)) *a[0,2] *cos (phi) *
2-a[2,0] *cos (phi) *3-cos (phi) *4/ (R*2+cos (phi) ) *b[1,1]+cos (phi) ~3*
a[0,2]+cos(phi)*3*b[1l,1] -cos(phi)*4/ (R*2+cos (phi) ) *a[0,2]-cos (ph
i)*a[0,2]-1/ (R*2+cos (phi))*a[2,0] *cos (phi) ~*2+1/ (R*2+cos (phi) ) *co
s (phi) ~“2*b[1,1]+cos (phi)*4/ (R*2+cos (phi))*a[2,0])/R;

l(. 2y C0ﬂ¢fsﬁﬁ¢)bzo 5 . ) 5 5
) sin(¢) cos(9)” by , + R2+cos(¢) —a; ; cos($) sin(¢p) —sin(9) b, , cos($)
sin(¢) cos(d))3 by, sin(¢)a, jcos(p) sin(¢)cos(dp) by,
- 5 - 5 + 5 —sin(¢) b, ,
R” + cos(¢) R” + cos(¢) R™ + cos(¢) '
sin(¢) cos(¢)’ a, | , “ ay, 2 a, , cos(9)’ o
— cos(¢) — + - cos
R2+cos(¢) b R2+cos(¢) R2+cos(¢) .0
cos(d))4 b, , ; X cos(d))4 a , a, o cos(d))2
B —— b - > e 7
R2+cos(¢) +oos(9)"dy ; +cos(9) by, R2+cos(¢) cos($) @z R2+cos(d))
cos(9)’b, | cos(d) a, OJ
+ —+ — |/ R
R +cos(¢p) R +cos(9)
[ > Fll:=subs(a[2,0]=b[1,1],a[0,2]=0,phi=theta, %) ;
1 [ ) cos(0) sin(0) b, , 5
FI11:=—|sin(0 0) b —— 0)" sin(0
> sin(0) cos(0)” b, , + R2+cos(6) a, ; cos(8)” sin(6)
5 sin(0) cos(E))3 by, sin(0)a, ,cos(0) sin(0)cos(0)5b, ,
—sin(0) b, ,cos(0)” — 5 =~ _ 5 d " - 3
' R” + cos(0) R” + cos(0) R” + cos(0)

sin(0) cos(0)’ a;

—sin(0) b, , + —bl,lcos(O)J/R

R + cos( 0)

> int(Fl1,theta=0..phi) ;

1
Z(R2 a |- R by, + R by g+2 R’ a, In(R* + cos(d))—2 R by, , In(R* + cos(d))

~2a, cos(¢)+2 b, sin(¢) +2R*a,  cos(¢)— R’ a, | cos($)’ - R* b, ; cos($)’
—2R°b, o In(R* +cos(§)) =2 R* b, , cos(p) + R* b, , cos($)’ +2 R by, , In(R* + cos(9))
+2R* b, ycos(9) 2R a, | In(R* +cos(§)) +2 R’ by , In(R* + 1) + 2 a, |
—2R by, In(R*+1)-2R%a, | In(R*+1)+2R°b, (In(R*+1)+2R%a, | In(R*+ 1)



. -2R'D,,-2R'a, +2R'b;,)/R
| > yl:=expand (%) ;
1, 1 ) 1 ) 1 @, cos($)
vl =—R a, ;cos(¢)—--Rb, ,In(R" +cos(¢))+—-Ra, {In(R"+cos(¢p))—7-———
2 : 2 ’ 2 : 2 R
L s 2 1 L L s 2
+5R by, In(R +cos(¢))+szO,2cos(¢) _ER bo,2005(¢)—5R b, o In(R” + cos($))

1 PR L s 2 1 2
_Zsz,oCOS(d’) +5R b2,0005(¢)—5R a,  In(R +cos(d)))—ZRa1’lcos(¢)

1 by ysin(9) 1 | 1 1 la,, 1
+-———+7R by,+~Ra, —
2 R 2 2040 T g

1 2 e 2 1 2 1 2
+2R a, In(R +1)+2R b, o In(R +1)+2Rb0’21n(R +1)—2Ra1,11n(R +1)

1 s 2
_ER by, In(R"+ 1)
i > Int((cos(theta)”*3*sin(theta))/ (R*2+cos (theta)),h theta=0..phi)=int

((cos (theta) *3*sin(theta) )/ (R*2+cos (theta)) ,theta=0. .phi) ;
0

cos(0)’ sin(0

(0)'sin(0) o
R” +cos(0)

2

R —R?+§—R6 In(R*+1) - cos(¢) R* +§cos(¢)2 R —%cos(d)f + R In(R” + cos(9))

i > Int((cos(theta)*sin (theta)*3)/ (R*2+cos (theta)),b theta=0..phi)=int
((cos (theta) *sin (theta) *3) / (R*2+cos (theta) ) ,theta=0. .phi) ;
0

cos(0)sin(0)’ R* 2
2( ) sin(9) do=—R'+—+-—R*In(R*+ 1)+ R° In(R* + 1) + cos(¢) R*
R” +cos(0) 23

—%cos(d))2 R’ +écos(d))3 —cos(d) +R* In(R* + cos(d)) ~R°In(R* + cos(d))

r > Int(1/ (R*2+cos (phi)) ,phi=0..2*Pi)=int (1/ (R*2+cos (phi)) ,phi=0..2%*

Pi);
R -1
27 2csgn| —F—— =

1 do— A -1+R
R +cos(¢) A1 +R*

0
> Int(cos(phi)/ (R*2+cos(phi)) ,phi=0..2*Pi)=int (cos (phi)/ (R*2+cos (p
hi)) ,phi=0..2*Pi) ;




R -1
2n 21| R csgn(—J —al =1+ R4J
cos(¢) B TC( A -1+R*

R2+cos(¢) b= A -1+R*

L 0
[ > Int(cos(phi)*2/ (R*2+cos(phi)) ,phi=0..2*Pi)=int (cos(phi)*2/ (R*2+c
os (phi) ) ,phi=0..2*Pi) ;

R -1
27 2R2n(R2 csgn(—]—q/—l +R4J
cos((l))2 A-1+R

R +cos(d) A/ -1+R*

L 0
[ > Int(cos(phi)*3/(R*2+cos(phi)) ,phi=0..2*Pi)=int (cos(phi)*3/ (R*2+c
os (phi) ) ,phi=0..2*Pi) ;

R -1
27 n(2R6csgn(—]—q/—l+R4—2R4q/—1+R4J
cos(d))3 A -1+R*

R2+cos(¢) b=- A -1+R*

L 0
[ > Int(cos(phi)*4/ (R*2+cos(phi)) ,phi=0..2*Pi)=int (cos (phi)*4/ (R*2+c
os (phi) ) ,phi=0..2*Pi) ;

R -1
27 Rzn(2R6csgn(—]—q/—l+R4—2R44/—1+R4J
cos(d))4 A-1+R*

db =
R2+cos(¢) ¢ A -1+R

L 0

[ > Int(cos(phi)*5/ (R*2+cos(phi)) ,phi=0..2*Pi)=int (cos (phi)*5/ (R*2+c
os (phi) ) ,phi=0..2%*Pi) ;

21

cos(9)’
R+ cos(¢)

R —1

n(—34/—1 +R*—4R*A/-1+R* +8R" csgn(—J—Squ/—l +R4]
1 J-1+R

L 4 Al -1 +R

[ > Int(cos(phi)*6/ (R*"2+cos(phi)) ,phi=0..2*Pi)=int (cos (phi)*6/ (R*2+c

os (phi) ) ,phi=0..2*Pi) ;
2T

cos( (1))6
R+ cos() g

d =




len(—3/\/—l +R' —4R*A/ -1 +R* +8R" csgn(%]—Squ/—l +R4J
4 A -1+R

r > Int(cos(phi) *sin(phi)*4/ (R*2+cos (phi)) ,phi=0..2*Pi)=int (cos (phi)
*sin (phi)~4/ (R*2+cos (phi)) ,phi=0..2*Pi) ;

2 T
. 4 2 2
cos(¢) sin 1 / R -1 Sl
2(¢) () d¢=—n(3 ~1+R"-8R" csgn(—]+16R6 csgn( / J
R™+cos(d) 4 N-1+R -1+ R

_8 R csgn(%JJrégqu/—l LR - 12RYA -1 +R4J//\/—l +R
| -1+R

| > expand(rhs (%)) ;
g [ R | ] S ( R | ]
T csgn - T R csgn -
3n «/—1+R4 «/—1+R4 «/—1+R4 «/—1+R4
- +
4 4/—1+R4 4/—1+R4
2 n R ( R 1 ]
T R” csgn -
~1+R* ~1+R
- M M +2nR-3R*n
| A -1 +R*

[ > 3/4*Pi+2*Pi*R*8-2*Pi/ (-1+R"4)*(1/2)*R*10-2*Pi/ (-1+R*4)* (1/2) *R*2
+4*Pi/ (-1+R*4)* (1/2) *R*"6-3*R"4*Pi;
3T 2R 2R 47 R
—+2nR - - +
4 J-1+R -1+ R 14 R
> Int(cos (phi)“*2*sin(phi)“*4/ (R*2+cos (phi)) ,phi=0..2*Pi)=int (cos (ph
i)*2*sin(phi)*4/ (R*2+cos(phi)) ,phi=0..2*Pi) ;
2 T

cos() sin(¢)’ 1, , o ( R-1 J
db=—Rm|3+-1+R" —8R —_—
R2+cos(¢) ¢ 4 T{ " oe A -1+R*

+16 RS csgn(%] _8R? csgn(%J+ 8 R* A1+ R — 12R*/-1 +R4J /
A -1 +R

"> expand (rhs (%)) ;

" R 1 . R 1
27m R csgn — 4 R” csgn —
3R’ «/—1+R4 «/—1+R4 «/—1+R4 «/—1+R4

“3R'n




+ ~2aR"+3nR°
L 2 -1 + R
(> -3/4*%Pi*RA2-2*Pi*RA10+2*Pi/ (-1+R*4)* (1/2) *RA12+2*Pi/ (-1+R*4)~(1/
2) *RA4-4*Pi/ (-1+R*4) ~ (1/2) *R*8+3*Pi*R"6;

3R 5 R0 2 R" 2R 47 R
-2nR "+ + -
4 «/—1+R4 «/—1+R4 «/—1+R4
> Int(cos(phi)“*3*sin(phi)*2/ (R*2+cos(phi)) ,phi=0..2*Pi)=int (cos (ph
i)*3*sin(phi)*2/ (R*2+cos(phi)) ,phi=0..2*Pi) ;

+3n RS

2T
3 . 2 2
1 R -1
cos(¢)" sin(¢) dp=—m 4R4«/—1+R4+«/—1+R4+8R1°csgn B
2 A/
R+ cos(d) 4 ~1+R'

~8R%/-1+R*—8R° csgn(%]]/q/l +R*
-1+R

i > expand(rhs (%)) ;
2 R" csgn( K - 1 J
Rimt—+ (EETEEET —2n R
4 A -1+R
27 R csgn( K - 1 J
«/—1 +R* «/—1 +R'
- A -1+R*

(> 1/4*Pi-2*Pi/ (-1+R*4)~ (1/2) *R*6+2*Pi/ (-1+R*4) ~ (1/2) *RA10+R* 4*Pi-2
*Pi*R"8;

i 2R 2 R"Y
—— +
4 R -1+ R
> Int((cos(phi)*4*sin(phi)*2)/ (R*2+cos(phi)) ,phi=0..2*Pi)=int ((cos
(phi) “4*sin (phi) *2) / (R*2+cos (phi) ) ,phi=0..2*Pi) ;
2 T
cos()* sin(¢) 1
; dp=—R'n
R+ cos(¢) 4

2 2
(_8 RAR 1B -1 4R R -1 s csgn(%J -8R csgﬂ(%n
VAT

| > expand(rhs (%)) ;

+R*n-2nRS




2
2R 1 csgn( X - 1 J
Rn Jﬁ—l J#—l

;R o
2R8ncsgn( LS - 1 ]
. J#—l J#—l
I AR -1

> 2*RA10*Pi-1/4*RA2*Pi-RA6*Pi-2*RA12%Pi/ (R 4-1)* (1/2)+2*RA8*Pi/ (R*
4-1)~(1/2);

2RV p—

10 R 6 2R 1 2R n
2R m— -R - +
] 4 JR -1 AR -1
> restart;
> int((-3*sin(phi) *2*cos (phi) *2+cos (phi) *4) / (R*2+cos (phi)) ,phi=0..
2*Pi) ;

2

R -1 R -1
2R m —3R2csgn T —4R4«/R4—1 +«/R4—1 +4R6csgn T
JR -1 JR -1

R*-1
> expand (%) ;

6 R csgn( Ly — 1 J T 8 R® csgn[ LS — 1 J s
J#—l J#—l Jﬂ—l J#—l

o pb 2
7 M SR T+2R m+ M

[ > with (student) ;

[ D, Diff, Doubleint, Int, Limit, Lineint, Product, Sum, Tripleint, changevar, completesquare,
distance, equate, integrand, intercept, intparts, leftbox, leftsum, makeproc, middlebox,
middlesum, midpoint, powsubs, rightbox, rightsum, showtangent, simpson, slope, summand,

trapezoid |
> -intparts (Int(cos(phi)*3*sin(phi)*2/ (R*2+cos(phi))*2,phi=0..2*Pi
) ,cos (phi) *3*sin(phi)) ;
2T

-3 cos((l))2 sin((l))2 + cos(d))4
R*+ cos(¢)

do

0

> int((-3*sin(phi) *2*cos (phi) *2+cos (phi) *4) / (R*2+cos (phi) ) ,phi=0..
2*Pi) ;

2

R -1 R -1
2R m —3R2csgn T —4R4«/R4—1 +«/R4—1 +4R6csgn T
JR -1 JR -1

| SR =1

[ > 2*¥RA2*Pi* (-3*RA2+4*RA6+ (RA4-1)~ (1/2) -4*RA4* (RA4-1)~(1/2))/ (R*4-1
)~ (1/2) ;




DR T(BR +4R +4/R* =1 -4R*\R - 1)
JRY -1

:> -intparts (Int(cos (phi) *sin (phi) *4/ (R*2+cos(phi))*2,phi=0..2*Pi),
cos (phi) *sin (phi) *3) ;
2 T
. 4 2 . 2
—sin(d) + 3 cos(d)” sin(d)
R2+cos(¢)

do

L 0
[ > int((-sin(phi)*4+3*sin(phi)*2*cos (phi)*2)/ (R*2+cos (phi)) ,phi=0..
2*Pi) ;

R -1 R -1
2n(5R4mg{ J—mg{ J+4R94R4—1—3R?VR4—1
JRY -1 JRY -1

o £ e

[ > 2%Di% (-1-4%RA8-3%RA2% (RA4-1) A (1/2) +5%RA4+4*RA6* (RA4-1) A (1/2))/ (R
~4-1)7(1/2) ;

2n(-1-4R -3R R -1 +5R " +4R°+/R" - 1)

| AR -1
Intégral(A1*B2)/2*P1 :

| > restart;

(> (1/(2*Pi))*(-b[1,1]/(4*R*3))*(-b[2,0]* (1/4*%Pi-2%Pi/ (-1+R*4) " (1/2
) *RA6+2*Pi/ (~1+R*4) ~ (1/2) *RA10+R*"4*Pi-2*Pi*R*8) +(a[1,1]-b[0,2])*
(3/4*Pi+2*Pi*RA8-2*Pi/ (-1+4R*4) ~ (1/2) *RA10-2%Pi/ (-1+R*4)~ (1/2) *R*
2+44*Pi/ (-1+4R*4)~ (1/2) *RA6-3*R*4*Pi)+(a[1l,1]+b[2,0]) *int (cos (phi)
A2*sin(phi)*2,phi=0..2*Pi)+b[0,2]*int (sin(phi)*4 ,phi=0..2*Pi) ) +(
1/(2*Pi))* ((b[2,01*b[1,1]/ (2*R)) * (2*¥RA2*Pi* (-3*RA2+4*RA6+ (R*4-1)
~(1/2)-4*R*4* (R"4-1)"(1/2))/(R*4-1)"~(1/2))-((b[1,1]*(a[1l,1]-b]O,
2]1)/ (2*R) ) * (2*Pi* (-1-4*RA8-3*R 2% (R 4-1) ~ (1/2) +5*RA4+4*RA6* (R 4-
1)~(1/2))/(R*4-1)"(1/2))));

N 2R’ 27 R" R
— - —— + +R'n-2n
g il 24 «/—1+R4 «/—1+R4

P )(3n L gy 2TRY 1R 47 R 3R4J
+(ay  =by )|~ +2nR - - + - T
4 J-1+R AJ—1+R -1+

1 3 50 |
+Z(ahf+@ﬂ)n+sz2n//(nR)+5

byob | RT(-3R+4R +4/-1+R' 4R +/-1+R")

A -1+R




by (a, | =by,)T(~1-4R =3R4/ -1 +R* +5R* +4R° /-1 +R")
e E— / m
R+/-1+R*

> expand (%) ;

3 7 7
7b1,1R bz,o 9b1,1R by 9b1,1R a3 b1,1a1,1
+ + +=—

3 3 7
3b1,1R a3 b1,1bo,2 3b1,1Rboz 9 b, R by,

I ) A -1+R _ZRq/—1+R4+ A-1+R _Zq/—1+R4

[ > normal (%) ;
1
= b1 (13 R'by A/ -1+ R =18 R* by ,4/~1+R* +a, A/-1+R* + 18 R* b, j4/-1 + R’

—5R'b, gA/-1+R = 15R a /-1 +R* +18R%a, \o/-1+R* +14R°b, (— 18R D,

—18R10a1’1—6a1,1R2+24R6a1’1+6b0,2R2—24R6b0’2+18R10b0,2)/(R3 ~1+R")

> collect(%,R);

1 b, (-18b, ,—18a, ,+18b, ,) R’

8 A -1+R*

1 b (-18by ,4/—-1+R* +18a, |A/-1+R* +18b, o/-1 +R*) R

8 A-1+R

1 b, (14b, (=24 b, ,+24a )R’

8 A -1+R*

1 b (-15a, A/ —-1+R* +15b, ,2/-1+R* =5b, ;4/-1 +R")R

8 A-1+R

lb1,1(6b0,2_6a1,1) lbl,lam
i 8 Jo1+R'R 8 R

Intégral(A2*B1)/2*P1 :
[ > restart;
(> (1/(2*Pi))*(((-b[1,1]*(b[2,0]+a[1,1]-b[0,2])*R/4+b[1,1]*a[1,1]/(

4*R*3)) *cos (phi)*2)+(b[1,1]*(b[2,0]+a[1,1]-b[0,2])*R*3/4-b[1,1]*
(a[1,1]1-b[0,2])/ (4*R)) *cos (phi) *1n (R*2+cos(phi))) ;

Lif 1 1 b4, 5

5 _Zbl’l(b2’0+a1’1_b0’2)R+Z—R3 cos(d)
1 ; 1 b1,1 (al,l_bo,z) )

+ Zb1,1(bz,o+a1,1_bo,z)R - cos(¢) In(R™+cos(¢)) |/ m

4 R




[ > Int((1/(2*Pi))*((-b[1,1]1*(b[2,0]+a[1,1]-b[0,2])*R/4+b[1,1]*a[1l,1
1/ (4*R*3) ) *cos (phi) #2) ,phi=0..2*Pi)=int ((1/(2*Pi))*((-b[1,1]*(b]
2,0]+a[l1,1]1-b[0,2])*R/4+b[1,1]*a[1,1]/ (4*R"3)) *cos (phi)*2) ,phi=0
..2%Pi) ;

1 by (R4 b2,0+R4 al,l_R4 by, —a; )
4 o
> (1/(2*Pi))*(1/4*b[1l,1]*(b[2,0]1+a[l,1]-b[0,2])*R*3-1/4*b[1,1]*(al[
1,1]1-b[0,2])/R) *2*Pi* (R*2-sqrt (R"4-1)) ;

1 1 b1,1(a1,1_b0,2)
(Zbl’l(b2’0+a1,1—b0’2)R3—Z P (RP=+/R"'-1)

> $-1/8*b[1,1]* (R*4*b[2,0]+R*4*a[1,1]-R 4*b[0,2]-a[1,1]) /R 3;
(ibm (b250+a1’1—b0’2)R3—i by (a1,R1 bo,z)j(Rz_ /R4_ 1)
lb1,1(R4b2,0+R4a1,1_R4bo,2_a1,1)
o o
> expand (%) ;

1 5 1 3 4 1 5 1 3 [ 4 1 5
Zbl’lR b2,0_2b1,1R bz,0 R -1 +Zb1’1R al’l—zme a R -1 _ZbUR bo,z

1b1,1a1,14/R4—1

1 3 4 3 3
+Zb1’1R bo,z R —l—gbl’lRa1,1+Z z +gbl,1Rb0,2

lbmbo,z R'-1 lb Rb +lb1,1a1,1

4 R g L1t P20T g s

> normal (%) ;

1 8 6 4 8 6 4 8
5D (2R b, o+ 2R by oA R* =1 -2R%a, | +2R a, (AR -1 +2R%p,,

2R by, R -1 +3R"a | —2a, A/ R*~1 R =3R*b;,+2by ,/R'~1 R*+R*b, ,
_a1,1)/R3

i > collect(%,R);

1
—gbm (-2 b2,0+2b0,2—2a1,1)R5

1
—gbii 2 by oAV R* =1 -2by ,A/R* =1 +2a, | //R'~1)R’




1 b, (2b,,/R* - —2a11 R -1)

1 lb1,1a1,1
8b11( 3b02+3all+b20)R—8 +8 e
=-1/8*b[1,1]*(15*R*4*b[0,2]* (- 1+R"4)"(1/2) 18*R*8*b[0,2]* (-1
+R*4)~(1/2)+a[l,1]1*(-1+R*4)~(1/2)+18*R*8*b[2,0]* (-1+R*4)~(1/2)-5
*RAA*D[2,0]* (-1+R ) A (1/2) -15*%RA*a[1,1]* (-1+R*4) A (1/2) +18*R*8*a
[1,1]*(-1+R*4)~ (1/2)+14*R 6*b[2,0]-18*R*10*b[2,0]-18*R*10%a[1,1]
-6*a[l,1]*R*"2+24*R*6*a[l,1]+6*b[0,2]*R*"2-24*R*6*b[0,2]+18*R*10*b
[0,2])/R*3/ (-14R"4)*(1/2) +%;

1
F?]F=—§bhl(15R4bQ24/R4—l-—18R8bm24/R4—],+aL14/R4—1-+18R8bL04/R4—1
~5R'b, g//R*-1-15R"a, | A//R*~1+18R*a, \A//R'-1+14R°b, (—18R"" b,

—18Rmahl—6aL1R2+24RﬂhJ+6bQ2R2—24R6%J+48Rmbai%/kR3 R'-1)

> F21:

1
—gbm (-2 b2,0+2b0’2—2a1’1)R5

1
—§b1,1(2b2,04/R4— ~2by AR =1 +2a, /R -1)R
1b11(2b02VR4_ —2a,

, ) , R4_1) bl,lal,l
—gbl’l(—3b0,2+3a1’1+b250)R—— +

1
8 R

o0

i > expand (%) ;

3 5 5 1 3 4
_Ebl,leo,z""Ebl,lRal,l_2b1,1R b2,0+2b1,1R bo,z_Zbl,lR a /R -1

4

1 Lo by B=1 1 4 s
+2b1’1Rb2,0—4 Rz —4b1’1R by yNR =1-2b | R a
1 by yap, R'-1 ;3 7b11R b, o 9b11R by o
e

P R +Zb1’1R by, R —1—— F F

7
2b1,1R a3 b1,1a1,1 3171,1R a3 b1,1bo,2 3bl,lR bo,z

ARV -1 +ZR«U#—1__ AR -1 _ZRq/R“—l+ JRY -1

;
9 b, R by,

4 AR -1

> simplify(collect(%,R)) ;

1 8 8 8 6 4 6 4
_5b1,1(_4R byo—4R a | +4R by, +4R by o/ R =1 +4Ra; 4/R -1
~4R° by, R -1 +5R a, | +3R" b, —5R by, +3 b,/ R'—1 K’

“3a, R -1 R-R R*—l@ﬂ—%J+@m)/X4R*—1R)

i > expand (%) ;




2b1,1R7 by 4 2171,1}3%11,1 2b1’1R7 by

+ - ~2b, (R by ,~2b, R a, ,+2b, R by,
VR -1 VR -1 VR -1 ’ ’ ’ ’ ’ ’

5b1,1R3a1,1 3b1,1R3b2,0 5b1,1R3b0,2 3

3 1
- - +— -~b, Rby, ,+7-b, | Ra, +7b, RD, ,
2 JR-1 2 WYR-1 2 YR 2 2 2

1 by ya, 1 by10,

| +5R4R4—1_5R4R4—1

[ > collect(%,R);
(2b1,1a1,1 2b1,1bo,2 2b1,1b2,o

- + R +(=2b, ya, ,+2b, by ,~2b, b, )R
JR -1 R - J#—l] s S ST
5bya;, 30b1byy 5b by, 3 3 3 1
+(—2 ,—R“—l _2«/R4—1 +2«/R4—1 R+ —2b1,1b052+2b1,1a1,1+2b1,1b2,0 R

1 bl,lbO,Z 1 bl,lal,l

4r5Jﬂ—1+5Jﬂ—1
R

F22 :

[ > restart;

| > P:=-ytx*y;

L P=—y+xy
> Q:=x+y"2;

L Q:=)c+y2

| > Q*(a[2,0]*x*2+a[l,1]*x*y+a[0,2]*y*2)-P*(b[2,0]*x*2+b[1,1] *x*y+b][
0,2]*y*2);

2 2 2 2 2
| (x+y )(az,ox ta  xy+ayg,y )—(—y+xy)(b250x +b1’1xy+b0’2y )
| > H:=simplify (%) ;

. 3 2 2, 2 2,3 4 2 2 3
H=a, X +a; | X y+xay,Y" +Y a, (X +y a; x+y ay,+yby ¢x"+b, | xy +by,y
3 2 2 3
—X yby, o=x"y by =xy by,

> x*(b[2,0]*xA2+4b[1,1]*x*y+b[0,2] *y*2) -y* (a[2,0] *x*2+a[1,1] *x*y+a[
0,2]*y*2);

2 2 2 2
x(bzﬁox +b1,1xy+b0’2y )—y(az’ox ta,  xy+ay,y )
> expand ($*H) ;
2 5 3 2 4 2 7 b 5 b 4 2,095 5.2
Qoo Y XTY Gy X —Ay, YV tDy X A YVED, 0 X Ay Y +2Dy (XY 4,
4 3 3.4 4 2 3 3 5.2
+2b2’0x y a1,1+2b2’0x y a0,2+2b2,0x b1,1y +2b2,0x b0’2y —2b2’0x y bl,l

4 3 5 4 2 3 3 4 3
—2b2’0x y b0’2+b1’1x ya2’0+b1’1x y a1’1+b1’1x y a052+2b1’1x Y a,

3 4 25 2 4 3 4 4 2
+2b1’1x y a1,1+2b1’1x y a0,2+2b1,1x y b0’2—2b1,1x y b0,2+x bo,zy a, g

3 3 2 4 3 4 2 5 6
+Xx bo,zy a, | +x bo,zy a0,2+2x bo,zy a2’0+2x bo,zy a1’1+2xb0,2y 4 5



o2 4 93 3 oA 3 94 2 2 “p
Yo ay X ap Y a; oX Qoo Y oa; oX ap, Y oy oX Ay, =YV Gy gX Dy

3 3 4 2y ) 2 4 ) 6 3.3
=Y Gy oX Dy 7Y Gy X Dy, —Ladp (XY Ay, Tl XY Ay, =4 XY Dy
_ 2 4 Spo dp 2 5h 225 233
G XYV Oy =a (XY Dy p,=0dy YV Dy gX =y Y Oy X—ay 1 XY —a; 1 XY
2 2 2 2 2 2 2
5 2 5 5 4 3 6 33 5
—Ya,, X =X b02 y +)cb0,2 y _bl,l X'y —b2,0 X y+b1,1 Xy +b2,0 Xy

6
by g X ay - aozy by ,
> subs(a[0,2]=0,a[2,0]=b[1,1],%)
3 3 43
bz’ox a1’1y+2b2’0x y a1’1+b2’0x b1,1y +2by X by, ¥ =2b, (X" ¥ by,
42 2 4 3 3 2 5 33
—by Xy ay + by XY by, +X by, a  +2X by, a —a Xy by
2 2

2 2 2
2 4 5 2 5 33 2 5 5 6
—a 1x y bl 1~ a4 Xy boz_a11 Xy —a Xy —X bo,z y "‘Xbo,z y _bz,o Xy

+b, 2.0 xy+x b02y b, 1+b Ox b11
> sort(%,y);

2 52 2 5 2 5 5 2 325 2 4
2x b0’2a1’1y —Xx bo,z y +xb0,2 y _a1,1Xbo,2y —a;; Xy +b1,1x bo’zy
2 4 3 3 3 3 2 33 3 3
—a; X by —a X by Vv +2by (X by, —a; | Xy +xby,a,,y

4 3 4 3 4 p) 4 2 4 2

—2b20x bozy +2b20x a, |y —b1 (X a y +b2’0x b1,1y +x bo,zb1,1y

2 2
+b20x a1 y=byy x y+b20 X y+b20x by,
> simplify (subs (x=rho*cos (phi) ,y=rho*sin (phi) , %/ (2*R* (x*2+y~2)~ (5/
2))));

1
_5 csgn(p) p cos(d) (2 sin(¢d) cos((l))4 b, by 5+ sin($) cos(¢) pa; 12

+5in() cos(d) p by, +2sin(9) cos(d)* a, | by ,~ 2 sin($) cos()’ pa,

~2sin($) cos(§)’ p by, — 3 sin($) cos()’ ay., by , + sin(9) cos($) pa, |

+sin($) cos(§) by g @, | — 2 sin(h) cos(9)? by, by , + sin($) cos(d) p by, —sin($) by,
—sin() cos(9) by, —cos(§) @, | by, +cos(§)' b, | by, +cos(d)a, by

—cos(§) by, by, —cos(§)’ b, by o +sin() cos(d)’a, | + 2 sin() cos(9)’ by,

+sin(¢) a, | by , —sin(¢) cos((l))4 a 12 —2sin(¢) cos(p) p by, a,
+ 4 sin(¢) cos(d))3 pby,a +2sin(¢) cos(d))5 pbyga —2sin(¢) cos(d))5 P by by,
—2sin(¢) cos(¢)’ p by, a, | —2 sin(d)) cos(9)’ p b, oa, | +2sin(§) cos(¢)’ p by (b, ,

-2 b2 0 cos(d)) a, sm(d))+b2 0 p cos(d)) sin($) — b2 0 cos(d)) sin(¢))/ R
> subs (rho=1/ (R*2+cos (phi) ), %) ;

1

—5 csgn(m] cos(¢) [2 sin(¢) cos(d))4 b, o by, +2sin(¢) cos(d))4 a, by,



—3sin(¢) cos(9)’ a, | by , +sin(§) cos(9)* b, @, ; — 2 sin($) cos(¢)* b, 4 by »
—sin(¢) by, 22 —sin(¢) cos()* b, 22 —cos(§)’ a, | by, +cos($) b, | by ,+cos(§)a, | b, ,
—cos(§) by y by >~ cOS(0)’ by | by o +sin(9) cos(§) a, | + 2 sin(§) cos()’ by 5

»  sin(¢) cos(9) a;, 12 sin(¢) cos(¢) by, 22

+sin(¢) a, | b, , —sin(¢) cos(§)* a, | + R 1 cos(0) T o)

2sin(¢)cos(9)’ a, | 2sin(§) cos(d) by, sin($) cos() a, |
- R+ cos(¢) - R+ cos(¢) " R+ cos(¢)

sin( ) cos(d))5 by, 22 b,, 02 cos(d))5 sin(¢) 2 sin(¢) cos($) by, a, ,

R+ cos(¢) ’ R+ cos(¢) - R+ cos(d)

4 sin(¢) cos(d))3 by,a,, 2sin(9) cos(9)’ byga,; 2sin(¢) cos()’ b, by,
" R+ cos(¢) " R+ cos(¢) - R+ cos(¢)

2 sin(¢) cos(9)’ by, a; ;  2sin(¢) cos(9)’ b, ga, ,  2sin(¢) cos(9)’ b, by ,
- R+ cos(d) - R+ cos(d) ! R+ cos(¢)

4 . 2 4 . 2
—2b2’ocos(¢) al’lsm(d))—bz’o cos(¢) sin() /((R +cos(¢p))R)

:> -1/2*cos (phi) * (-cos (phi)*3*a[l,1]*b[1l,1]+cos(phi)*3*b[1,1]*b[0,2
]-cos (phi)*3*b[1,1]*b[2,0] -cos (phi)*b[1,1]*b[0,2]+cos (phi)*a[l,1
1*b[1,1])/ (R* (R*2+cos (phi)));

1
) cos(¢)

(—cos(¢)’ a b+ cos($)’ by 1 by ,— cos(¢)’ by 1 by g—cos(9) b, | b, ,+cos(d)a, b )

 /(R(R*+cos(9)))
> int((%)/(Z*Pi),phi=0..2*Pi);

1 R -1
_Zbl,lR(2R4b2,04/R4—l—2chsgn( - Jb0’2+2R4a1,1 R -1
MR -1

5 R -1 ] R -1 . R -1
+2R esgn —/—— |a; ,—2R csgn| ——— |b, - 2R csgn T —— |a;

JR -1 JRY -1 N
R -1
+by /R =1 —a, AR -1 +2R6csgn(—Jb0,2—2R4bO’2 R -1

AJR -1
by, R4—1]/4/R4—1

i > expand(1/4*b[1,1] *R* (-2*R*6*b[0,2]+2*R*2*b[0,2]+2*R*6*a[1,1]-2*R
~2*a[l,1]+2*R*6*b[2,0]+a[1,1]*(R*4-1)~(1/2)-b[2,0]* (R*4-1)"(1/2)
-2*R*4*a[l1l,1]*(R*4-1)~(1/2)-2*R*4*b[2,0]* (R*4-1)~(1/2)-b[0,2]* (R




~4-1)7(1/2)+2*R*4*b[0,2]* (R*4-1)~(1/2))/ (R*4-1)*(1/2)) ;
1b11R7b02 1b11R3b02 1b11R7a11 1b11R3a11 1b11R7b20

F F F 2 e 2 e

+4b1,1Ra1,1 blleZO bllR ay - _bllR by o— _b11Rb02+ b11R by, ,

[ > collect(%,R);
(lb1,1b0,2 1b11b20 1b1a11

1 1
= ——= R +|—=b, b, +=b, by ,—
2«/R4— 2«/R / 1] (2 L172,07 5 P11 70,2
1b a 1b b 1 1
/11 = /11 = ( 11“11 bllbzo__bllbosz
| 2 R 2 R 4 ° ’ 4 > ’

[ > collect (%, b[1 11);
bop 1 b 1 @ ) (1 1ol j
([ «/R 24/R4—1 +24/R41JR + —2192’0+2bo’2—2al’1 R
+(—— i +l %02 JR3+(la —lb —lb jRJb
I 2M 2M 41T 47207 4 P02 1,1

(> expand(-1/4%* (-2*RA6*A[2,0]* (R*4-1)~ (1/2) -3*RA2*A[0,2]* (R*4-1)~ (1
/2) —2*RA8*B[1,1]+2*RA6*B[1,1]* (R*4-1)*(1/2)-2*RA8*A[0,2] +RA2*A[2
,0]* (R*4-1)~(1/2)+2*RA4*B[1,1]-RA2*B[1,1]* (R 4-1)~ (1/2) -2*RA*A]
2,0]+2*RA6*A[0,2]* (R*4-1)~(1/2)-2*A[0,2]+2*RA8*A[2,0]+4*RA4*A [0,
2])/ (R*4-1)"(1/2) /R) -%;

1 5
5b1,1a1,1 R

LR A 4R A LBI’I Lpp,  en R*A“ Lpa, -2 LBI’I LrB
= += + - + - ——
2 2,0 4 0,2 2 R4_1 2 1,1 2 R _1 4 2,0 ) R4—1 4 11
+l R3A2,0 lRSA +l Ay 5 1 R’ 4, R3Ao,2 (
- 0,2 - - -
2R -1 2 2 R 1R 2R -1 AR -1

1 by, 1 by I a, 2 ( lb lb 1 jRS
— +7 +7 +|=<by o+ by~
) /R4—1 ) /R4—1 2 /R4—1 772075 P07, %
1 by, = (1 Lo jR ,
- =0 —=p =
T /7R ) /71 4417 47207 4 P02 11

| > expand (%) ;

LR A 4R A, N LR B, e R Ay L, -2 KB, Y

= +- +T T — - +T T — - -+

H 1t A0t A0 2@ ) N N s
1 R3A2,o 1 1 Ay, 1 R7A2,o R3Ao,2 1[71,1R7 by,

+5ﬁ_5R AO’2+EMR_5«/R4—1 _«/R“—l 2 R -1




1 1 1 1 1
+Zb1,1Rb2,0+5b1,1R a1,1+5b1,1R b2,0+2b1,1Rb0,2_5b1,1R by, ,
[ > F22:=collect(%,R);
1b1by, 1 4y, Ay, by 1D, By, 1b1,1a1,1J .
4

1 1 o |1
F22 =]~ _= 4= _= 4= _=
(2Jﬁ—1 2R -1 24R -1 24 -1 24 R-1 2R -1
1 1 1 1 1 1 .
+ EAz,o_EBm“‘Ebm bz,o_gbm bo,z"‘zbm a1,1_5A0,2 R

+l 4, 4 4,5 +1171,1511,1 1 By lb1,1bo,2JR3
2R -1 AR -1 2 R-1 24RP -1 24RP -1

3 1 1 1 1 1 j 1 A
+ 4A0,2+4B1,1_4A2,0+4b1,1b2,0+4b1,1b0,2_4b1,1a1,1 R+2«/ER
[ > F21:=(2*b[1,1]1/(R*4-1)~(1/2)*a[l,1]-2*b[1,1]/(R*4-1)~(1/2)*b][0,2
]+2*b[1,1]/ (R*4-1)~(1/2)*b[2,0]) *R*7+(-2*b[1,1]*a[l,1]1+2*b[1,1]*
b[0,2]-2*b[1,1]*b[2,0]) *RA5+ (-5/2%b[1,1]/ (R*4-1)~(1/2) *a[1,1]-3/
2*b[1,1]/(R*4-1)~(1/2)*b[2,0]+5/2*b[1,1]/ (R*4-1)*(1/2)*b[0,2]) *R
A34(-3/2%b[1,1]*b[0,2]+3/2*b[1,1]*a[1,1]+1/2%b[1,1]*b[2,0]) *R+ (-
1/2*b[1,1]/(R*4-1)~(1/2)*b[0,2]+1/2*b[1,1]/ (R*4-1)~(1/2)*a[l,1])
/R;

2byyay 2by by, 2by by, 7
F2] = R
5biiay 3b by 56,0,

Jﬁhl__¢#—1+4mﬂﬁ
+0Qbh¢%l+2mJ%J—2bUbLQRi+QEVGFTI—EJR{_1+5JREJJR3

10,10y, 10b,a,

(3 3 1 j 2%%—1+5J#—1
+ R+ z

_5b1,1b0,2+5b1,1a1,1+5b1,1b2,0

r > expand (F22+F21) ;

5 1 1 B, 3Rb by, 1 by 1by, 1 byya,
~R°A4, ,+~RB, = =
4 2R -1 2 R -1 ZRAR' -1 ZRAR -1
1 R7B11 3RA R 4,, 1 R3A2,0 lR y 3b11R7b20 2b11RS‘111
5 BRARE t5 oAyt -
2R -1 4 R' -1 24R*-1 2 2 MR -1 AR -1
30, R a 21711R3bo2 3b1,1R7b02 1 R7A02 1 1 Ay 5

+- — + ’ ——= =+ — ——RA, y+ T T—
2 R -1 RY-1 2 R -1 ZWR*-1 4 7 2ZR*-1R




[ > F2:=collect(%,R);

[31711‘111 1 Ay, 5 § 1 4y §b1,1b2,o 1 By, ]7
2 R 2, /p_1 2 / _ 2JR 2JR4_ 2JR

1 1 1 3 3 .
+ 2mﬂaL1 EBL1 EAQ2+5ALO_5bLJho+EbL1%JjR

. 2byyay, 1 By, .ibLIbLO 4,5 _+2bh1bmz+l 4, 4 JR3
JR -1 24 -1 2R -1 R -1 R -1 24 R -1

1 5 1 3 5 3
+'ZALO_ZbLJh2+ZBL1+ZAQ2+ZbLMk1+ZbL1%ﬂ R

1 1 by a, 1b11b02
24/R 24/R 2[Rt

> 1[4].—collect((3/2*b[1,1]*b[0,2]+1/2*A[2,0]—1/2*B[1,1]—3/2*b[1,1
1*b[2,0]-3/2*b[1,1]*a[1l,1]-1/2*A[0,2])*(-4) ,b[1,1]);
14=(6al’1+6bz’0—6bo’2)bl’1+2B1’1+2A0’2—2A2’0
> 1[5] :=collect((3/4*A[0,2]+3/4*b[1,1]1*b[2,0]+5/4*b[1,1]*a[1l,1]-5/
4*b[1,1]1*b[0,2]-1/4*A[2,0]+1/4*B[1,1])*(-4) ,b[1,1]);
15F(Sbaz_sahl_3bLQbL1+A;0_BL1_3AQ2
> 1[6,1] :=collect(expand((-1/2*1/(R*4-1)"(1/2)*A[2,0]+1/2*1/ (R*4-1
Y~ (1/2)*A[0,2]+3/2*b[1,1]/ (R*4-1)"(1/2)*a[1l,1]+1/2*1/(R*4-1)~(1/
2)*B[1,1]+3/2*b[1,1]/(R*4-1)*~(1/2)*b[2,0]-3/2*b[1,1]/ (R*4-1)~(1/
2)*b[0,2]) *(-4) *((R*4-1)~(1/2))) ,b[1,1]);
l’l=(—6al,1+6bo,2—6bz,0)bl’1—2A0,2+2A2,0—2B1’1
> 1[6,2] :=collect(expand((2*b[1,1]/(R*4-1)*(1/2)*b[0,2]-3/2*b[1,1]
/ (R*4-1)~(1/2)*b[2,0]-1/2*1/(R*4-1)*~(1/2)*B[1,1]-1/ (R*4-1)*(1/2)
*A[0,2]+1/2*1/(R*4-1)*~(1/2)*A[2,0]-2*b[1,1]/(R*4-1)~(1/2)*a[l,1]
) *(-4)*((R*4-1)"~(1/2))) ,b[1,1]);
1’2=(8al,1+6b2,0—8bo’2)bl,1+2Bl’1+4AO’2—2AZ,0
> 1[6,3] :=collect(expand((1/2*b[1,1]/(R*4-1)~(1/2)*a[l,1]+1/2*1/ (R
~4-1)~(1/2)*A[0,2]-1/2*b[1,1]/(R*4-1)"~(1/2)*b[0,2]) *(-4)*((R*4-1
)~(1/2))),b[1,1]);

3:=(=2a,,+2by,)b, =24,
(> (2%1[4] *w* (14+wA2) A34+2%1 [5] *w* (14w 2) * (L-wA2) A2+1[6,1]* (1+wr2) A4+
1[6,2]% (14wr2) A2% (1-wA2) A2+1[6,3] * (L-wA2) ~4) ;

3
2((6ay, +6by o= 6by )by | +2B, | +2A4,,—-24, ) w(l+w)
2
+2((5by,—5a, ,=3by )by \+4, g—B, | =34,,)w(1+w’) (1 -w’)
4
+((=6a, +6by ,—6b, )b, | =24y ,+24, ;=2 B, ) (1+w)

2 2
+((8a, +6b, —8by,) b, \+2B, | +44),—24, ) (1+w’) (1-w’)



4
I +((=2ay +2by,) by —24,,) (1 -w)
| > simplify (expand (%)) ;

—64b, ya, W =2b, by, w —46b, by, w +42b, b, (W +16b, | by , W’
+2wbhﬂkl+46mJahﬂf+2bhﬂklwt—Mbhqum3+6waJhO
— 48D, by oW +46D, a, W + 16D, by, W' =24 b, by (W' +64b, | by, W'
+42b, by oW ~8B, W —16B, \w'=24b, b, ;W —16b a, W -2wb, b,
+6b, 1 by oW =8B, W =324, ,w +84, (W +164, W' +84, W +2wB,
+14B, W+ 14B, W +2B  w —2wdy ,+ 184, w + 184 ,w —24, ,w
 —2wd,  — 144, (W — 144, (W —24, W —46b, b, W
| > collect(%,w);
(2B, =24y ,—2b, by, +2b, ya; =24, 4+ 6b, by )W
+(16b, 1 by ,—16b, a, | —8B | +84, (—24b, by )’
+(42b, by (—46b, by, +46b, a,  + 184, ,— 144, j+14B )W’
+(=16B, | —64b, a, | +164,  +64b b, ,—48b, b, —324,,)w'
+(42b, b, ,—46b, by, +46b, ya,  + 184, ,— 144, (+14B )W
+(16b, 1 by ,—16b, a, | —8B, | +84, (—24b, b, )W’

+(2BL1_2AQ2_2bLJh2+2bL1%J‘2A10+6bh1%m)w
> factor (%) ;

—2w(w—1fWA20w2—3b11@0M3+b11%2M3+A02WZ—B1lw?—mlallwz
+4wb, ya; —4wb, by, +4dwAy,+ A4, 0=3b, by +Dy by, + Ay, B

—byya )

[ > collect(-B[1l,1]*w*2-b[l,1]*a[l,1]*w*2-3*b[1,1]*b[2,0]*w*2+b[1,1]
*b[0,2] *wA2+A[0,2] *wA2+A[2,0] *w 2-4*w*b[1,1]*b[0,2] +4*w*b[1,1] *a
[1,1]+4*w*A[0,2]-B[1,1]-b[1,1]*a[1l,1]-3*b[1,1]*b[2,0]+b[1,1]*b[0
,2]+A[0,2]+A[2,0],w) ;

2
(=B 1 =byya,=3b, 1 by g+by by, +A45,+4; )W
+(4b, a ,—4by by, +4A4y ) w=B, | —=b, ya; =3b by o+b by, +4,,+4,,

Exemple 2 :

[ > restart;

[ > F21:=(2*b[1,1]/(R*4-1)~(1/2)*a[l,1]-2*b[1,1]/(R*4-1)*(1/2)*b[0,2
]1+2*b[1,1]/ (R*4-1)~(1/2)*b[2,0]) *R T+ (-2*b[1,1]*a[l,1]+2*b[1,1]*
b[0,2]-2*b[1,1]*b[2,0]) *RA5+ (-5/2*b[1,1]/ (R*4-1)~(1/2)*a[l,1]-3/
2*%b[1,1]/ (R*4-1)~(1/2)*b[2,0]+5/2*b[1,1]/ (R*4-1)~(1/2)*b[0,2]) *R
~3+(-3/2*b[1,1]*b[0,2]+3/2*b[1,1]*a[l,1]+1/2*b[1,1]*b[2,0]) *R+ (-
1/2*b[1,1]/(R*4-1)~(1/2)*b[0,2]+1/2*b[1,1]/(R*4-1)~(1/2)*a[1l,1])
/R;




2byyay, 2by by, 20, by, 7
F21 = R

- +
JR -1 R -1 R -1
+(-2b +2b. . b 2b. b )R5+(§b1,1a1,1 §b1,1b2,0+§b1’1b052JR3
20y 14y, 1,190,074 01 1029 - -
2R -1 2R -1 2R

10,100, 10b,a,

_ +_
3 3 1 2R -1 2R -1
+ _Ebubo,2+5b1,1a1,1+5b1,1b2,0 R+ R

> simplify(subs(b[1,1]=1,a[1,1]=(b[0,2]1+(25/12)),b[2,0]1=(1/2),a[2,
0]=1,b[0,2]=b[0,2],%));

124 R*+ 124 ROAJR =1 + 143 R* =814/ R* -1 R* - 25
24A/R*~1R
> F22 :=

(1/2*b[1,1]/ (R*4-1)~(1/2)*b[0,2]-1/2%1/ (R 4-1)~ (1/2) *A[2,0]+1/2*
1/ (R*4-1)~(1/2)*A[0,2]-1/2*b[1,1]/ (R*4-1)~(1/2)*b[2,0]+1/2*1/ (R*
4-1)~(1/2)*B[1,1]-1/2*b[1,1]/ (R*4-1)~(1/2)*a[l,1])*R 7+ (1/2*A[2,
0]-1/2*B[1,1]+1/2*b[1,1]*b[2,0]-1/2*b[1,1]*b[0,2]+1/2*b[1,1]*a[l
,11-1/2*A[0,2]) *RA5+(1/2%1/ (R 4-1)~ (1/2) *A[2,0] -1/ (R*4-1) ~(1/2) *
A[0,2]+1/2*b[1,1]/(R*4-1)~(1/2)*a[1l,1]-1/2*1/ (R*4-1)~(1/2)*B[1,1
1-1/2*b[1,1]/ (R*4-1)~(1/2)*b[0,2]) *R 3+ (3/4*A[0,2]+1/4*B[1,1]-1/
4*A[2,0]+1/4*b[1,1]*b[2,0]+1/4*b[1,1]*b[0,2]-1/4*b[1,1]*a[1,1])*
R+1/2*1/ (R*4-1)~(1/2) /R*A[O0, 2] ;

10,10y, 1 4y 1 Ao 10,,b0 1 By, 1 by ya )
F22 = R

2 - - - - -
2R -1 2R -1 240R -1 2R -1 24 RP-1 24R-1
1 1 I I I I .
+ _A2,0_531,1+5b1,1b2,0_5b1,1b0,2+5b1,1a1,1_5A0,2 R
. 1 45 4 4y, 5 +lb1,1a1,1 1 By, lbl,lbo,zJR3
2R -1 AR -1 2 R-1 24RP-1 2.RP -1
3 1 1 1 1 1 Ay,
+ ZA0,2+ZB1,1_ZA2,0+ZI71,1bz,o"'zbmb0,2_1b1,1a1,1 R"‘EmR
> simplify(subs(b[1l,1]=1,a[1l,1]=(b[0,2]+(25/12)),b[2,0]=(1/2) ,al[2,
0]=1,A[2,0]=(B[1,1]+(13/12)),A[0,2]=0,%));
R(-22R°+22R*4/R*—1 +19R*-8+/R* - 1)

124/ R =1

> -1/24%* (-124*RA8+124*R*6* (R*4-1)~ (1/2) +143*R* 4-81* (R*4-1) ~ (1/2) *R
A2-25) / (R*4-1)~(1/2) /R+%;

124 R*+ 124 ROAJR =1 + 143 R* =814/ R* -1 R* - 25

) 24/R*— 1R




R(-22R°+22R*A/R* -1 +19R* -84/R" - 1)
+
I 124/R* =1
| > MM20:=simplify (%) ;
5(-16R*+16 R°A/R* =1 +21 R* =134/ R* -1 R* - 5)
MM20 = —
I 244/R*-1R

[ > solve(%,R);
A5 As

> (-B[1,1]-b[1,1]*a[l1l,1]-3*b[1,1]*b[2,0]+b[1,1]1*b[0,2]+A[0,2]+A[2,
0])*w*2+(4*b[1,1]*a[1l,1]-4*b[1,1]*b[0,2]+4*A[0,2])*w-B[1,1]-b[1,
1]*a[1,1]-3*b[1,1]*b[2,0]+b[1,1]*b[0,2]+A[0,2]+A[2,0];

2

(=B, =by 1 a,=3Db, 1 by g+Dy 1 by ytdg o+ 4y 0)w
L +(4by yay  —4b byt A Ay ) W=B,  =by a4 =3D, by oty 1Dyt Ayt A,
| > simplify(subs(b[1,1]=1,a[l,1]=(b[0,2]+(25/12)) ,b[2,0]=(1/2) ,a[2,
0]1=1,b[0,2]=b[0,2],A[0,2]=0,A[2,0]=B[1,1]+13/12,%));

5, 25 5
W+ w-—_
L 2 3 2
> solve (%,w);
1
_’3
3

> diff (MM20,R) ;

5(—128R7+96R AR =1 +—F— —264/R4—1RJ

F F
244/R* 1R
5(-16 R*+16 R°4/R* =1 +21 R* - R'—1 R -

4 (3/2)
12(R* -
5(-16 R*+ 16 R°/R* =1 +21 R* — 134/ R* -1 R*=5)
+
244/R -1 R

"> simplify (subs (R=(1/2)*5(1/2),%));
5

9

+




